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Nonlinear Model Order Reduction 
(NMOR)
Nonlinear Model Order Reduction 
(NMOR)

where are inputs and outputs of the m-in-m-out
system, respectively.              and               are the state variables of 
the original and reduced system, in which          .

Application:
System-level simulation, macromodel extraction …

NMOR Methods:
Weakly nonlinear: NORM etc… Strongly nonlinear: TPWL, PWP etc…
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TPWL & PWPTPWL & PWP

Original trajectory

TPWL representation: Good at global accuracy

PWP representation: Good at global & local accuracies

TPWL (Trajectory Piecewise-
Linear) PWP (Piecewise-Polynomial)

Step 1 Divide the whole trajectory into segments

Step 2 Approximate each segment by a 
linear ODE

Approximate each segment by a 
higher order ODE

Step 3 Reduce each linear ODE with a 
projection matrix Vi

Reduce each higher order ODE 
with a projection matrix Vi

Step 4 Aggregate all Vis together for whole projection matrix



Reduce Each Segment in PWP with a 
Higher Order ODE
Reduce Each Segment in PWP with a 
Higher Order ODE

NORM Algorithm (Li & Pileggi, IEEE TCAD 05)NORM Algorithm (Li & Pileggi, IEEE TCAD 05)

( ) ( )
( ) ( )( ) ( ) ( ) ( ) ( )

( ) ( )( ) ( ) ( )

1
1 1

1

2 1 2 1 2 1 2 1 1 1 2 1 2 1 1

1

3 1 2 3 1 2 3 1 2 1 1 2 2 3

1, 2
1, , ,3

H s sI G b

H s s s s I G G H s H s H s H s

H s s s s s s I G G H s H s s

−

−

−

⎧ ⎫⎡ ⎤⎨ ⎬⎢ ⎥⎣ ⎦⎩ ⎭

⎧ ⎫⎡ ⎤⎨ ⎬⎢ ⎥⎣ ⎦⎩ ⎭

= −

= + − ⊗ + ⊗

= + + − ⊗ +

1. Use Taylor expansion to expand each transfer function (TF)
2. Match moments with Krylov subspaces 
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1, s, s2, s3 …H1(s)

Moments to be matchedTF



2nd Link to hn(t): Association of variables2nd Link to hn(t): Association of variables
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1st Link to hn(t) : Multivariate Inverse Laplace1st Link to hn(t) : Multivariate Inverse Laplace
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Associated TransformAssociated Transform



Associated Transform – An illustrative 
Example 
Associated Transform – An illustrative 
Example 
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2-D Inverse Laplace

Unify all ti’sAssociation of si’s

1-D Inverse Laplace



Moment Matching by Associated 
Transform
Moment Matching by Associated 
Transform
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Theorem 1Theorem 1 Theorem 2Theorem 2



Moment Matching by Associated 
Transform (Cont’d)
Moment Matching by Associated 
Transform (Cont’d)

Higher-order TFs into LTIs: Higher-order TFs into LTIs: 
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where N3 is M3 is
and F3 is

1, s, s2, s3 …H3(s)

1, s, s2, s3 …H2(s)

1, s, s2, s3 …H1(s)

Moments to be matchedTF ROM is 
much more 
compact!



PWPAT NMORPWPAT NMOR
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Numerical ExamplesNumerical Examples

Nonlinear trasnmission line Nonlinear trasnmission line 
Large input               Small inputSchematic



Numerical Examples (Cont’d)Numerical Examples (Cont’d)

Analog buffer circuit Analog buffer circuit 
Schematic                                Output spectrum

Under similar ROM 
dimensions, PWPAT 
has better accuracy 
than TPWL, especially 
at higher order 
harmonics.



ConclusionsConclusions

Piecewise-Polynomial + Associated Transform NMORPiecewise-Polynomial + Associated Transform NMOR

Pros:

Better accuracy in higher order characteristics
Much smaller ROM with comparable accuracy
LTI techniques reusable

Cons:

Higher MOR cost but parallelization possible




