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Motivation
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RLC Circuit Equations using
Modified Nodal Analysis (MNA)
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RLC Circuit Equations in Descriptor Form
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X(t) = Ax (t) + Bu (t)
y (1) = Cx (1)

Standard form

C x(t) = —Gx(t) + Bu(t)

y(t) = B'x(t)
(G+G' >0,C=C" >0)

Descriptor form

passivity




MOR Methods In a Nutshell

e Krylov subspace based projection methods
Fast, scalable to large problem.
No global error bound.
Less efficient for circuit with many terminals
e Balanced truncation methods
With global error bound.
High computing costs
e Node reduction method

Local reduction, no global error bounds.
Easy for realization.
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Review of Moment-Matching-Based Approaches

Transfer function: |H (S) — BT (SC + G)‘1 B=R' P(s) = (')(s,)T B
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InputMoment P (s) = (I +(s—3,)A,) "R,y =Y AR, (5-5,)"
=0

A =(s,C+G)'C,R, =(s,C+G)"'B

out out

Output Moment Q(s) = (1 +(s=5,)A,, ) R,, = Z Al R (s— 5,)"
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Review of Moment Matching Based Approaches

Z(s)=B"(sC+G)™"'B

T

C,=V'CV,G, =V'GV,B =V'B| |IC,=W'CV,G, =W'GV,B, =W 'B

Orthogonal ProjectiN Mique Projection
a.k.a. Congruence

Projection Z.(s)=B'(sC.+G,)"B,

Match r moments Match 2r moments
Kr (Ain’ Rin) = COISpan(V)
Kr (Aout’ Rout) — COISpan(W)

rth Krylov subspace K _(A,R) =span(R, AR,---A""'R)
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Review of Moment Matching Based Approaches

C x(t) = —Gx (t) + Bu (t)
y(t) = B x(t)

Orthogo@rojection

C, X, (1) =—G,x, (t) + B.u(t)
y(t) =B, x. (1)

C.=vV'CcV,G, =V'CcV,B =V'B

G+G' >0,C=C' >0

........................................................................................
........................................................................

.......................................
..........................................................................................

..........................................................................................

:> G, +G' >0,C. =C' >0

al projection preserve positive semi-definiteness and thus passivity!



Review of Balanced Truncation
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Review of Balanced Truncation

x(t) = Ax (t) + Bu (t)

y(t) = Cx (1)
Ba@ce Ab :Tb_lATb’ Bb :Tb_lB’Cb — CTb
X (1) = Ax () +But)
y(t) = C,x (t) % (t) | _[Aar A)lz}{xbl(t)_ +§u(t)
Tﬂ@ﬁte _X|.oz(t)_ _Ab21 A sz(t)_ _BZ_

. - n _
Xo1 (1) = Ay X (1) + Byu(t) y(t) :@D CZ] ))((: Et;

y(t) = C Xy (1)
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Review of Balanced Truncation

State-space model in standard form:

X(t) = Ax(t) + Bu(t)
y(t) = Cx(t)

Lyapunov equations (linear)

AW, +W. A" +BB" =0

Lur'e equations (quadratic)

AX + X AT = —K_K
X.CT-B=-KJ]

ATX,+ X, A=-K]
X.C'T-B=-K_.J,

A'W +W A+C'C=0 J,J] =D+D’ J13,=D+D’
4 0 - 0] (4 0 .- 0]
T‘l\/\(:V\()Tz? ﬂz ?,zlzzzz-.-zzhw T-lxcxoTz? ﬂz ?,ﬂlzzzz---zzhw
0 0 4] 0 - 0 4,

Standard TBR

Positive-Real TBR (passivity)

RiVERSIDE A Indicates the importance of each state in terms of energy transfer




Review of Balanced Truncation

Traditional balanced truncation

C x(t) = —Gx(t) + Bu(t) X(t) =—CGXt)+C'But)
y(t) = B'x(t) y(t)=B'x(t)

X (t) = A X, (t) + B u(t)
y(t) = C,x, (1)

Q.7 Q.7

mapping Balanced truncation

Drawbacks

C is sparse but the inverse of C may be dense
If C is ill-conditioned, generate too much error or even an unstable system
All structure information inherent to RLC circuits is lost
Lur'e equations are quadratic matrix equations and thus expensive

E x(t) = Ax(t) + Bu(t)

Why not?
y(t) = Cx(t)
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Projection based Balanced Truncation

EX(t) = Ax(t) + Bu(t)
y(t) = Cx(t)

Ba@ce E, =T,%ET,,A =T, 'AT,,B, =T,'B,C, =CT,

E, %, (1) = A, (t) + Byu(t)
y(t) = CpX, (t) = =

Ebll Eb12 X;ﬂ(t) Ab12:||:xb1( )}ﬂ‘
Tﬂ@w’ite _Eb21 Eb?Z__Xt;Z('[)_ Ab21 Abzz sz(t) ()

(1)
B % (6) = A %0 () +BU() y() @CZ ]{ZZ (t)}

y(1) =Cx (0
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Projection based Balanced Truncation

EX(t) = Ax(t) + Bu(t)
y(t) = Cx(t)

Ba@ce

E, %, (t) = A, (t) + B,u(t)
y(t) =Cpx (1)

Trl@'ﬂe

B %, () = Ay 2% (0 +Bu()
y(E) =Cx, (1)
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Projection Based Balanced Truncation
PriTBR

State-space model in descriptor form:

E x(t) = Ax(t) + Bu(t)
y(t) = Cx(t)

EPA' + APE' +BB' =0
E'QA+A'QE+C'C=0

Generalized Lyapunov equations:

2, 0 0
4 0 12 0
T PQT: . : : ’ﬂ1>ﬂ'22“.2ﬂ‘n>0
0 0 A,
Uz

/ o
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Projection Based Balanced Truncation
PriTBR

Cx(t) = —Gx (t) + Bu (1)
y(t) = B x(t)

C =T'CT

Orthogo@rojection G =T 'GT

B,=T'B
C.x(t) = -G, x(t) + B,u(t)
y(t) = B/ x(t)

C =T'CT,G, =T'CT,B, =T"B

:> G.+G' >0,C =C' >0

al projection preserve positive semi-definiteness and thus passivity!

G+G' >0,C=C' >0

Qrthog
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Hybrid Projection

Magnitude

— Original

S Balanced truncation

Globally accurate

Moment matching

Locally accurate (DC)

v
M

Composite Space Projection M 0 V

RIVERSIDE Exact DC match Wideband accuracy



PriTBR Reduction Algorithm

ALGORITHM [|: PROJECTION-BASED PASSIVE [BR
(PRITBR)

RIVERSIDE

L.
2.

3.

. Compute the dominant basis 77 = LU, 2,

Solve EPAT + APET + BBT =0 for P
Solve ETQA+ATQE +CTC =0 for O

Compute Cholesky factors P =L pL; , O= LQLE

Compute SVD of L}];E irLQ:

2, 0

LgETLQ:[L-'l.La][ 0

] (71,15
_1/2

Solve AMy = B for M,

Make a union of M, and 77 and orthonormalize it
X =orth(My.Ty)

Compute the reduced system with

E=XTEX; A=XTAX; B=XTB; C=CX




Two-Step Reduction

Moment Matching : Low Cost

Balanced Truncation: Compact

Two-Step Reduction Process

Passivity Preserved MOR Structure Preserved MOR
original model original model
(large-size) (large-size)
initial reduced model initial reduced model
(small-size) (small-size)
Pr@R SP-PriTBR
final reduced model final reduced model
(nearly optimal) (nearly optimal)
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Structure-Preserving PriTBR
SP-PriTBR

y(t)=[B] o

Cl 0| Gl GzT Bl
ER et i e P

0V,

Orthogon&rojection

spanV O span V

C,=V'CV,G, =V'GV,B =V'B

{vﬁclv1 0 }({ V'GY, vlTG;v} {v Bl}u 0

0 V/Cy,
t)=[B"v, ol

VGV, 0

<

Reciprocity of RLC circuits is preserved:

Z(s)=B, (sC,+G, +
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SP-PrTBR Reduction Algorithm

ALGORITHM 2: STRUCTURE-PRESERVING PRIIBR AL-
GORITHM (SP-PrIiTBR)

1. Perform Algorithm' 1step 1- step 6) for V' = [My, 7]

2. Partition V' corresponding to the block sizes of G.C
_ |
=[]

orth(V7) 0

3. SetV = [ 0 orth(V;)

4. Obtain the reduced model by projection:
G=VIGV,C=VICV.B=7"TB
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Examples
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Exampl
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PriTBR can preserve passivity while standard TBR cannot.
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Examples

16

Full (517) ‘ ‘
141 PRIMA (75) IR |
PRIMA (15) w

ol PPIMA + PiTBR(15) |\ ] S |

O ] e

Magnitude
[e¢]

Frequency (Hz)

Two-step reduction process generates optimal reduced model with low cost
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Examples
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Conclusion

e Proposed new projection-based balanced truncation method,
PriTBR, which combines balanced truncation with projection
framework.

e Guaranteed passivity, which is less expensive and numerically
more stable.

e Propose balanced truncation based approach SP-PriTBR to
preserve structure information inherent to RLC circuits in addition to
passivity.

e Propose hybrid projection to generate optimal reduced model with
both wideband accuracy and exact DC behavior for large-scale RLC
circuits.

e Can work with Krylov projection method to scale to large problems.
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Questions?
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