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Previous Works and Motivation

O Parallel prefix adder is the most flexible and
widely-used binary adder for ASIC designs.

O Prefix network formulation:

Pre-processing: g; = ab;
p. =a @b
Prefix Computation: Giivg = Griip + RiiitCr g
Fia = FinF-ua
Post-processing: Con =Grioy + Pioy G0



Previous Works and Motivation

0 Each output network is an alphabetical tree:
= Output 1 Is the root of a binary tree covering inputs 1-I.

= An In-depth traversal of the tree terminals follows the
sequence of the inputs
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Previous Works and Motivation
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Wire tracks: 1 Wire tracks: 1 Wire tracks: n/2

; 5
* Max Fanouts is based on the reqular
buffer insertions at all empty space




Previous Works and Motivation

O The design space of prefix adder is considered as the
tradeoff among logical levels, max fanouts and wire

traC kS * Harris D, "A Taxonomy of Parallel Prefix Networks” Nov. 2003.

Logical Logical levels: L =log, n+l
L Max fanouts :F=2"+1
Wire tracks :T =2'

|+ f+t=log,n-1

Timing: LxFxDgp
(Dgp: delay of one GP adder with unit load)

Area: Lx(Hgp+T xHwt) xn

(Hgp: Height of one GP adder
Hwt: Height of one wire track)

Wire Tracks Favor the minimal logical levels




Previous Works and Motivation

O Increasing impact of physical design.

0 Power becomes a critical concern.
Power

Power Dynamic
gating power New
Activity Static power / Design
Probability Scope

\ Logical
Fanouts . 2=+ | evels
N Gate Cap
j Wire Cap
Wire Tracks .
Input arrival Output
Physical Buffer time  require time
placement insertion Gate sizing
Detail routing Signal slope

Area Timing
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Previous Works and Motivation

0o Input: bit width, physical area, input arrival
times, output required times.

0 Output: placed prefix adder

0 Constraint: alphabetical tree rooted at each
output I to cover inputs 1 to I,
area and timing requirements

0 Objective: minimize power consumption



Models — Area Model

O Distinguish physical placement from logical
structure, but keep the bit-slice structure.

« Bit position « Bit position
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v vV V VvV V VY Compact placement
Logical view of Physical view of
Brent-Kung adder Brent-Kung adder

. n: Bit width
A — n X m m: Physical depth




Models — Timing Model

0 Cload includes both gate and wire capacitance.

Wire capacitance Is proportional to wire length.
O O O O _@x -

CIoad = Cwire + Cgate lc?ogriﬁzlction
Cuiire = A% (Hpp + W) O e N L S ——
Cgate =2 Cin . I
e ~ ~ / real wire
(A\w=0.5) ' D Q
Wbb
O Use a linear timing model derived from logical
effort. GP! /GPr
Delay GP'=15C, 4+ 2.5
Delay GP'=2.0C, 4+ 2.5 GP

10
* Harris D, Sutherland |, "Logical Effort of Carry Propagate Adders”, 2004.




Models — Power Model

O Total power consumption:
Dynamic power + Static Power

O Static power: leakage current of device
P, = AS (As=0.5)

O Dynamic power: current switching capacitance
den = p X CIoad

O p Is the switching probability
p=] (Jisthe logical level*)

— den sta — J C

P A

otal loa

11
* VVanichayobon S, etc, “Power-speed Trade-off in Parallel Prefix Circuits”, 2002




ILP on Prefix Adder — Overall Picture

0 We propose to formulate prefix computation as
Integer Linear Programming (ILP) problem.

0 Optimum solution can be produced by
contemporary ILP solver.

Structure variables: Capacitance variables: Timing variables:
*GP adders | *Gate cap | sInput arrival time
«Connections *Vertical wire cap *Output arrival time
*Physical positions *Horizontal wire cap

A 4

Power objective

Structure variables defines the ILP solution sﬁzace




|LP — Linear Programming

0 Linear Programming: linear constraints, linear
objective, fractional variables.

Maximize: X, + 2 X, + 3 Xg Constraints Objective

subjectto: - Xx;+ X, + X3 <20
X; —3 X, <30
_X = Solution \
~1 1 17| [20 Space
X, | < LP Optimal
1 -3 0 30
| X3 |

LP problems are polynomial time solvable
(interior point algorithm, Karmarkar 1984)

13




|LP — Integer Linear Programming

0O Integer Linear Programming: all variables
are integers.

*  Constraints

LP Optimal

ILP Optimal
(“nearest” feasible
integer solution)

>

ILP problem with bounded variables is NP-hard.

14



ILP — Branch and Bound

0 Brach and bound with linear relaxation

algorithm in ILP solvers:
Root (all vars are fractional)
Os

Minimize F(b,, b,, b,, b,, f,,...) s
(by, by, By, By, Ty,.00) Ao/ \1A _cu
b; is binary (2) On b,
infeasible A h
— ‘ . @ " 5 5 b,
o
,O/@\lA ® (Smallei?légﬂdidate) &

feasible : :
- ‘ ‘ «— infeasible b,
(current

best)

It is VERY helpful if ILP objective
is close to LP objective o




|LP — Pseudo-Linear Constraint
O A constraint is called pseudo-linear If it’s not effective

until some integer variables are fixed.

Problem: ILP formulation:
Minimize: X,
Subject to: x, > 300

Minimize: X,

Subject to: x, =300 X 2500
X, > 500 X3=%
X3 = Min(X,, X,) X3 =%,
X3 = X; — 1000 b, (1)
LP objective: O Xy > X, —1000 (1—=h,) (2)
ILP objective: 300 b, is binary

0 Pseudo-linear constraints mostly arise from IF/ELSE scenarios
= binary decision variables are introduced to indicate true or false.

16
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|LP — Summary

Integer Linear Programming Is a
powerful solution space search tool
guided by Linear Programming.

However, pseudo-linear constraints
may compromise the efficiency.
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ILP on Prefix Adder — Structure

0 ILP decision variables represent GP adders
and interconnects In logical view.

0 Alphabetical tree rooted at each output.

Each GP adder has exact one left input and one
right input. (fanin const.)

At least one input iIs from the previous level.
(logical level const.)

Every GP adder roots an alphabetical tree
covering a continuous segment. (root const.)

18
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ILP on Prefix Adder — Structure

Variables:

*gp(i,)) {0,1}:  GP adders in the n xd array (d: logical depth)

 wl(i,j,h) {0,1}: The wire from (i,h) to the left fanin of (i,j)

« wr(i,j,k,I) {0,1}: The wire from (k,I) to the right fanin of (i,j)
Constraints:

* (fanin const.) One left/right fanin for each GP adder
2 wIGjh)=gp@j)  v(ij) i>h
h

dowr(ijkD=gp@j)  V(ij) i>k&j>I
(k)
* (logical level const.) At least one fanin from the previous level

wii, j, j-1)+ > wr(ijkj-1)=gp(ij) V(i)

19
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ILP on Prefix Adder — Structure

0 The segment information is necessary for root
constraint. The GP segments of two children must

be adjacent.
Variables:

* gpl(i,)), gpr(i,)) int[1,n]:
_ The segment covered by gp(i,)) is [gpl(i,}):gpr(i,))]
Constraints:

* (root const.) The GP segments of two children must be adjacent
gpl(i, J) = gpl(i, h) if wii, j,h)=1 ()
gpr(i, j) =gpr(k,I) it wr(, j,k,1)=1
gpr(i,h) =gpl(k,1)+1 if wl(, j,h)=1&wr(i, j,k,1)=1

Conditional . OPIGi, D)= gpI(i,h)—n- (L-wiI(i, ;)

constraint (1) n gpl(i, j) < gpli, ) +n-A-wii,j,h) =
ILP formulation:
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ILP on Prefix Adder — Structure

0 Physical position variable attached to each GP
adder describes physical level.

O No overlap in the physical view. (overlap const.)

Variables:

* phy(i,)) int [1,m]: The physical position of gp(i,)) is (i,phy(i,))).
(m: physical depth)
Constraints:

* (overlap const.) Each physical position contains at most
one GP adder

phy(1, J) = phy(i, h) Vi, J#h

21
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|LP on Prefix Adder — Example

gp(2,1)=1, wil(2,1,0)=1, wr(2,1,1,0)=1
gp(3,2)=1, wi(3,2,0)=1, wr(3,2,2,1)=1
gp(4,3)=1, wl(4,3,0)=1, wr(4,3,3,2)=1

n I

< n
4 3 2 1 )
ol H N >
j 0
l9p1(2 1)gpr(2,1)) = 2] o@D 4
[9pI(3,2):9pr(3,2)] = [3:1] phy(3,2)=1
[gpl(4,3):gpr(4:3)] = [4:1] 2 phy(4,3)=2 5
3 ¢ O ) v Y oVy v
vV v v vd 4:1 331 221 1 m
4:1 311 2.1 1

Logical view Physical view N
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|LP on Prefix Adder — Capacitance

O Gate capacitance is calculated based on logical
fanouts.
Gate cap equals to the number of fanouts, when
iInput cap of GP adder is 1 unit. (gate const.)
0 Wire capacitance depends on physical
placement.

Vertical wire cap Is proportional to the max vertical
height of each fanout. (wire const.)

Horizontal wire cap Is proportional to the max
horizontal width of each fanout. (wire const.)

23
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|LP on Prefix Adder — Capacitance

Variables:

» Cg(i,)) float: Gate load capacitance of (i,))

 Cwv(i,)) float: Vertical wire load capacitance of (i,))

* Cwnh(i,)) float: Horizontal wire load capacitance of (i,))
Constraints:

* (gate const.) Gate load capacitance:

Cya(i, j) = Zwl(i, h, j)+ Zwr(k,l,i, )
h (k.1
 (wire const.) Wire load capacitances:

cwv(i, j) > 2" (phy(i,h)— phy(i, j))  if wl(i,h, j)=1 (¥=0.5)
cwv(i, j) = 2 (phy(k,1) = phy(i, j))  if wr(k1,i, j)=1
cwh(i, j) > 2" (k —i) it wr(k,l,i,j)=1 2
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|LP on Prefix Adder — Timing

0 The output time Is the max path delay.
(output const.)

0o Input arrival times equal to the output times
of two children. (input const.)

0 According to the timing model, gate delay iIs
calculated based on load capacitance.

Delay GP'=15C, 4+ 25
Delay GP'=20C, 4+ 2.5

25
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|LP on Prefix Adder — Timing

Variables:
* TI(i,j) float: Left input arrival time of (i,})
* Tr(i,j) float: Right input arrival time of (i,))

* T(i,)) float [0,Tmax]: Output time of (i,))
(Tmax: Output required time.)

Constraints:
 (input const.) Input arrival times:
TI(i, j)=T(i,h) if wl(i, j,h)=1
Tr(i, j) =Tk, if wr(i, j,k,1)=1

* (output const.) Output time:
T(, j)=TI(, j)+1.5-Cload(i, j)+ 2.5

T(i, j)>Tr(i, j)+2.0-Cload(i, j) + 2.5
(Cload (i, j) = Cg(i, j) +Cwv(i, j) +Cwh(i, ) 2
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ILP on Prefix Adder — Power

0 Total power consumption is the summation
of power consumption on each GP adder.

O The objective Is to minimize total power
consumption.

Minimize: ) j-Cload(i, j)+ 4> - gp(i, j)
(i)
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|LP on Prefix Adder — Example

Cg(2,1)=1, Cwv(2,1)=0, Cwh(2,1)=0.5 Cload(2,1)=1.5
Cg(3,2)=1, Cwv(3,2)=0.5, Cwh(3,2)=0.5 Cload(3,2)=2
Cg(4,3)=0, Cwv(4,3)=0, Cwh(4,3)=0 Cload(4,3)=0
n I
4 3 2 1 n
0 TI(2,1)=0, Tr(2,1)=0,

T(2,1)=0+2x1.5+2.5=5.5
TI(3,2)=0, Tr(3,2)=5.5,
T(3,2)=5.5+2x2+2.5=12
TI(4,3)=0, Tr(4,3)=12,
T(4,3)=12+2x0+2.5=14.5

3 2 Power = 1xCload(2,1) +
2xCload(3,2) +
v v v v, 3xCload(4,3) +

41 311 221 1 m 3x3=145

Logical view Physical view .



—!

ILP on Prefix Adder — Extension

0 Gate sizing and buffer insertion are two
Important optimization technologies to
Improve performance.

0 Gate sizing: decrease gate delay, increase
Input capacitance.

o Buffer insertion: introduce new element,
Impact placement.

0 (Gate sizing and buffer insertion can be
supported by ILP formulation.

29
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Experimental Results

0 Optimum prefix adders solved by CPLEX 9.1

O 8-bit prefix adders
Uniform input arrival time
Non-uniform input arrival time
0 Hierarchical 64-bit prefix adders
O 64-bit prefix adder implementation (Synopsys
flow, TSMC 90nm technology)

Module Compiler
AStro
Prime Power

30



Experimental Results — 8-bit Uniform

Method | Timing | Depth Power CPU Method | Timing | Depth Power CPU
(Dros) (Pros) (8) (Dros) (Pros) (8)

ILP 10.0 1 20.1 0.31 K-S 6.2 3 29.0 -
ILP 10.0 2 17.5 124 ILP 6.0 2 20.9 259
ILP (S) 9.0 1 25.6 2.83 ILP 5.6 2 22.9 45.7
ILP 9.0 2 17.5 83.4 ILP (S) 5.6 2 21.6 756
ILP (S) 8.6 1 27.6 1.28 ILP 5.6 3 21.9 1237
ILP 8.6 2 17.5 93.2 ILP (S) 5.0 2 23.6 1208
B-K 7.8 3 19.9 - ILP 5.0 3 25.6 4563
ILP 7.6 2 18.0 112 ILP 4.6 3 26.1 7439
ILP 7.0 2 18.6 99.6 ILP (S) 4.2 3 27.9 9654
Skl 6.8 3 20.8 - ILP (S) 4.0 4 36.4 20211

* (S): Gate sizing, B-K: Brent-Kung, Skl: Sklansky, K-S: Kogge-Stane




Experimental Results— 8-bit Uniform
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Experimental Results — 8-bit Uniform

0 Some typical ILP results:

8 7 6 5 4 3 2 1 8 7 6 5 4 3 2 1 8 7 6 5 4 3 2 1
] I n
A1/ / T f. 2 / z/ f”-” "?F J ;’-’-"} ’{/F
e ra 4 A 4
¢ ¢ 0 ,r"/ ¢ ¢ & o /E) o o 4; /*f:‘ / ¢/ D
L '-.-l-- - - 4 A -~
P .H__-'-'"- = s f::_,f . - ﬁ
o o & f}f; g g 0%3 c%;./,; o lf/:lf ff-,iof/ .: 'jfif”:{
o P _,t’:.ir”' D P O @ 0/ / éz__fe) o O '] o o 9 9 O
_.__,-*--..F____,.. — - -::-:E_i_:"#-_
o o P O O T O P 3o ¢ ¢ O O P O % o ¢ ¢ ¢ ¢ O
Yy Y Y Y ¥Y ¥Y ¥Y VY Y ¥V vV VY Y VYV VY VY \J Yy Y Y V¥° ¥
81 71 81 51 41 31 21 A 81 71 61 51 41 31 21 1 81 71 681 51 41 31 21 A1
Fastest depth2 Fastest depth3 Fastest depth4

All the 8-bit fastest prefix adders have 4 logical levels
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Experimental Results — 8-bit Non-Uniform

Case Power Depth Power* Depth*
Increasing arrival times 20.8 3 26.1 3
Decreasing arrival times 25.1 3 26.1 3
Convex arrival times 21.6 2 23.6 3

[1.4] [1.2] [1.0] [0.8] [0.6] [0.4] [0.2] [0] [0] [0.2] [0.4] [0.6][0.8] [1.0] [1.2] [1.4]  [0.2] [0.4] [0.8] [1.0] [1.0] [0.6] [0.4] [0]

49297977 - ViV

o
L~ ) - L
b0 e O e oﬁej ®
-'__'_—r"-'-'-F-F-F-F
¢ O e & O ¢ O O D 0 O
O O O o O

I/TTTT‘!TT Yy ¥y v v Yy ¥y ¥y ¥y

6] (61 [€] [6] [5] [5] [5] (5] 6] [6] [6] [6] [6] [6] [6] I6] 6] [6 (6 [6] [5 [81 [8] [9)
Increasing arrival times Decreasing arrival times Convex arrival times

o @ D P

* Use the worst input arrival time for all inpugs




Experimental Results — 64-bit Hierarchical

O

For high bit-width application, ILP method can be
applied in a hierarchical design strategy.

5Py As7bs; Asslss  Auslug aghg  a;b;
ILP Block ILP Block === ILP Block Level1
==== GP[5‘5:48] =-=== GP[4343] =-===
GPpuer | vGF’[sr:sr] Y Y Fea| Y e Pl
ILP Block Level2
5'5-:‘.“"'./ .**"‘.’/ _

LA J v LA v vy Vv
35
GP[B4:'1] GP[E?:‘I] GI:’[56:1] GP[48:'1] GP[81'1] GI::'[1:1]
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Experimental Results — 64-bit Hierarchical

0 Hierarchical ILP designs in solution space:

(The physical depth Is set to 6)

Method Timing Power Method Timing Power
(DFO4) (PFO4) (DFO4) (PFO4)

Hierarchical ILP 28 369 Hierarchical ILP 18 386
Brent-Kung 27 473 Sklansky 17 492
Hierarchical ILP 26 370 Hierarchical ILP 16 402
Hierarchical ILP 24 373 Hierarchical ILP 15 416
Hierarchical ILP 22 375 Kogge-Stone 15 3032
Hierarchical ILP 20 379 Hierarchical ILP 14 473

36



Experimental Results — 64-bit Hierarchical

500 I
Hirarchical &
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Delay The power of Kogge-Stone add is sruch

larger than other prefix adders.




Experimental Results — 64-bit Hierarchical

O The fastest 64-bit hierarchical ILP adder:

8 7 6 5 4 3 2
V [
® D
o/o O
./’f’”"ff’

v v v v
81 7.1 61 51 41 31 2:1

Hierarchical ILP —level 1
(Physical view)

v v v

1

2 1

)
e

ﬁis./._
g ——— /
o—././;/:?<v/o q

.

LY /'/é

(x8)

D

vy v v v ¥y v v Y

81 7.1 61 51 41 31 21

Hierarchical ILP — level 2
(Physical view)

1 (x8)
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Experimental Results — 64-bit Implementation

O 64-bit ILP prefix adders compared with 64-bit fast
prefix adders generated by Module Compiler with
relative placement.

ILP Module Compiler Power

Timing (ns) Total Power Timing (ns) Total Power Saving
[Wire Power] (mW) [Wire Power] (mW) [Wire] (%)
0.74 1.9[0.93] 0.75 4.9 [2.8] 61% [67%]
0.76 1.8 [0.90] 0.83 3.5 [2.1] 49% [57%]

1.13 1.15 [0.65] 1.24 2.3 [1.5] 50% [57%]

39
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Experimental Results — 64-bit Implementation
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Conclusions

0 We propose an ILP method to solve minimal
power prefix adders.

O The comprehensive area/timing/power model
Involves physical placement, gate/wire capacitance
and static/dynamic power consumption.

O The ILP method can handle gate sizing, buffer
Insertion for both uniform and non-uniform input
arrival time applications.

0 The ILP method can be applied in hierarchical
design methodology for high bit-width
applications.

41
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