a .
STORM: A Nonlinear Model Order

Reduction Method via Symmetric
Tensor Decomposition

Jian Deng, Haotian Liu, Kim Batselier,
Yu-Kwong Kwok, Ngai Wong

ASPDAC 2016

gl -

OF HONG KONG \



Outline

= Nonlinear model order reduction (NMOR)
m Tensor: what's it?
s Symmetric tensor decomposition

s Symmetric Tensor-based Order Reduction Method
(STORM)

= Numerical Examples
= Conclusion



One Origin of Nonlinearity: Products

s Captured by the Kronecker product notation
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= Illustration, a 2x1 state vector X{)j
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Nonlinear Ordinary Differential Eqn
(ODE)/Differential Algebraic Eqn (DAE)

s We use a simpler nonlinear ordinary differential
equation (ODE), instead of differential algebraic
equation (DAE), for ease of illustration. Same idea.

= Nonlinear ODE state space with Kronecker product
and a single scalar input «

_?2(x®x)+G3(x®x®x)+bu
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Volterra Series (Time Domain)

_?2 (x®x)+G3 (x®x®x)+bu

Volterra series approximate x(7) globally with different
orders of convolutions, called Kernels

x(0) = x,(0) +x, (1) +x; (1) + I

A
x,(t) = | h()u(t—r7)dr

X, (1) = _. _.OO h, (7,7, )u(t —7))u(t—1,)dr,d7,

@O0 @O0

x, (1) = | J.OO h, (7,7, T))u(t—7 ) )u(t —7,)u(t —7,)dr,dr,dr,

—00 o —00

Similar in concept to Taylor series for local behavior...




Time- & Frequency-Domain “Looks”

_?2 (X@X)+G3 (x@x@x)eru

= Time domain

T )

IR G, (~ ®x)

-G2(xl®x2+x2®x1)+G3(xl®3)
-Gz(xl®x3+x3®xl+x2®2)+G3(xl®2®x2+x2®x1®2+xl®x2®xl)
s Frequency domain
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Nonlinear Model Order Reduction (NMOR)
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y=hxu) | — 5 =h(zu)

» Find a projection matrix V:




NMOR in Action (Cont'd)

L
= Kronecker product property: (4B)®(CD)=(4®C)(B®D)

X®@x = (R)Q(F)=(V V) ® )

_}2(x®x)+G3(x®x®x)+bu

3

Vi=GVi+G,(V ®V)(2®3)+G,(V OV ®V) (3 ®%®%) +bu
= x=(V'GV)i+(V G,V ®))(:®%)
HV'G( @V ®)) (2@ ®%)+(V'b)u
&3=Gi+G,(3®%)+G,(F®F®F)+bu




NMOR by Moment Matching (@ s;'s)

NORM Algorithm [L/ & Pileggi, DAC03, TCADOS5]

H,(s)=(sI -G} b=—(I-3G") G,'b=—G;"b~G; s ~G; bs" -
1
H, (555,) =5 (5+5,) =G {GQ[Hl(sl)wl(sz)ml(s2)®H1(S1)]}

|
H, (Sl,Sz,S3) Z%((Sl +5, +S3)I—G1) {Gz [ZH1 (S1)®H2 (SZ,S3)+H

1. Use Taylor expansion to expand each transfer function (TF)
2. Match moments with Krylov subspaces

TF Moments to be matched for 2" order accuracy

Hl(s) 11 sl SZ More
columns,

Hz(Sl,Sz) 1/ Sis Sy, 5121 5221 515 SVD etc

H3(S1,5,,S3) 1, Sy, Sy S3s S1% S22, S3%, S1So, S1S3, S553



Pros and Cons

Pros
m Automatic macromodel extraction
m Fast and accurate simulation and verification

Cons

m Dense reduced system matrices
m Large memory requirement

= Large computational cost



Curse of Dimensionality

= Any way out?
s We need the right tool(s)!
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Tensors in a Nutshell

m Tensor is just a REPRESENTATION for a
ag~way “"matrix”

ﬂ mxXn, ><-
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m It includes
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Usage of Tensors

= Numerous!
— Big data
— Signal processing
— Chemometrics
— Model reduction
— Nonlinear system modeling

= A matter of data representation



Various Decompositions

Canonical, Tucker, Tensor Train




Central Idea of Tensor NMOR

TNMOR: H. Liu, L. Daniel and N. Wong "Mode/ reduction and
simulation of nonlinear circuits via tensor decomposition”

G (c®x) G, (x®x®x)+bu
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Trick: Exploiting Symmetry

= TNMOR is limited by availability of low-rank

decomposition, and NO exploitation of structure
such as tensor symmetry.

m Let’s try to zoom in a toy case with n=2 in G,

10 9 19 20 b x1
G,(xQ®x)= ®
: B 1
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Toy G, (Cont'd)

s Equivalent to a symmetrlc matrlx and quadratic

form .
G,(L)x®x)=[10 9 19 20] "
1%
X,
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Toy G; (Cont'd)

= Now let's do G5(1,:)

G3(1,:)(x®x®x):[36 30 20 90 100 110 10 99]

Symmetrizing

= [CORSUESURNUNS0 70 70 99]
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Toy G; (Cont'd)

= Now let's do G5(1,:)

° " stands for
Hadamard
(element-wise)
product



SymmEtl‘iC Tensors

Subset of general arbitrary tensors
gl% :.61;1‘3,72 :‘6:21'11‘3 =G,
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STEROID (Symmetric Tensor Eigen-Rank-One Iterative Decomposition)
decomposes a symmetric tensor into symmetric outer products, see K.
Batselier and N. Wong, "Symmetric tensor decomposition by an
iterative elgendecomposition algorithm’



Key: Symmetric Tensor Decomp
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STORM

Symmetric tensor can always be decomposed into a
finite sum of symmetric outer products

Symmetric Tensor-based Order Reduction Method

Same trick applies to computing Krylov subspaces
Recalling

H,(s)=(sI-G\) 'b=—(I-sG ") G;'b=-G;'b~G;?bs ~G; bs" N
|
H, (5,5,)=5 (5 +5,)1 -G {GZ[HI(Sl)®Hl(52)+Hl(s2)®Hl(sl)}}

E
H, (SI,SZ,S3) =%((S1 +5, +S3)]—G1) {Gz [ZH1 (S1)®H2 (Sz,S3)+H



STORM (Cont'd)

m Reusing Krylov subspace vectors in higher order TF's:

H,(s)=(s[-G, )‘1 b= —([—SGI_I)_I G 'h=—G;'v— G EEENGE) s =
g Vz(:Gf 1"1) Vs(:Gf 1"2)

only known as the Krylov
qoSpace

I (S1+Sz)1—(;l)‘l{(;2 [ (s)© H, (s, 1, (5, © 4, )|
:_5(1—(51+52)G1‘1)_1{G1‘1G2 () ® (5, 1, (5, © 1, 5|

espan{G{G.V, ®Y,

Vs

=
H, (Sl,Sz,S3) =%((S1 +5, +S3)[—G1) {Gz [ZH1 (S1)®H2 (Sz,S3)+H

Same structure as seen before, same
trick applies!




STORM NMOR Flow




Example 1: Double Balanced
Mixer

Double-balanced mixer
[W.Dong 09] (n=93)

) ROM size and CPU time of MOR
fp = 200MHz f = 2GHz Method CPU time (s) [ size of ROM
NORM | 2| 2| —| -

= 33
TNMOR | 22— 053

CPU time (s)
speedup
4.06%




Example 2: Nonlinear
Transmission Line

ROM size and CPU time of MOR

size of ROM

Nonlinear transmission line [E. Afshari 05]




Conclusions

STORM: Symmetric tensor-based NMOR

« Utilizes structure of a symmetric tensor to
accurately and efficiently model the high-order
nonlinear dynamic system

« Represents the symmetric tensor model via
symmetric tensor decomposition, reduces the
computational and storage cost

 Achieves better speedup in transient simulation
compared to other NMOR methods

 Avoids the low-rank limitation of previous
tensor-based methods such as TNMOR






