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Quantum Circuits

Diagram of quantum gates in chronological order
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𝑞1
𝑞2
𝑞3
𝑞4
𝑞5

CNOT gate

H gate T gate



Quantum Gates

A CNOT gate

• Invert x2 when x1=1

• 例

T gate

• Add 𝑒𝑖π/4 phase when x1 =1 

H gate

• Generate a supperposed state

|𝑥1〉 |𝑥1〉

|𝑥1 ⊕𝑥2〉|𝑥2〉

|𝑥1〉 𝑒𝑖𝜋/4|𝑥1〉T
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An NNA(Nearest Neighbor Architecture ) 
Restriction

Permits interactions only  between two adjacent physical quantum bits 
(qubits)

G1

𝑞0⇔𝑥1

𝑞1⇔𝑥2

𝑞2⇔𝑥3

𝑞3⇔𝑥4

G2 G3
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An NNA-Compliant Circuit



Conversion into NNA-Compliant Circuits

Conversion with SWAP gate

SWAP gate: swap two quantum states
➢consist of 3 CNOT gate

➢Increase CNOT gate 

𝑥1

𝑥2

𝑥3

𝑥4

𝑥5

𝑥1 ⊕𝑥3

𝑥2

𝑥4

𝑥5

𝑥3 ⊕𝑥5

x1

x2

x1⊕x2

x2⊕x1⊕x2

=x1

x1 ⊕x2⊕x1

=x2

x2

x1
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More efficient Placements
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𝑥1 ⊕𝑥3

𝑥2

𝑥4

𝑥5

𝑥3 ⊕𝑥5

𝑥1

𝑥2

𝑥3

𝑥4

𝑥5

𝑥1 ⊕𝑥3

𝑥2

𝑥4

𝑥5

𝑥3 ⊕𝑥5

 The circuit like below the diagram without inserting SWAP gate

➢ Find circuits consist of NNA-compliant CNOT gates

𝑥1

𝑥2

𝑥3

𝑥4

𝑥5

before after



Conversion with SMT Solver

Construction of NNA-compliant circuits with SMT solver

➢Minimization the number of CNOT gate

Flow applying SMT solver 

1. Introduces variables 

2. Expresses formulation with variables 

3. Finds a solution with SMT solver

(x > 2) ∧ (0 < y < 3) ∧ (x + y < 5) ⇒ sat（x=3,y=1）
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Finding an NNA-compliant Circuit with SMT Solver

1. Expresses formulation the circuits must satisfy 

SMT solver

2. Finds the circuit satisfy restriction

3. Generates NNA-compliant circuit

8



Constraints for an SMT Solver

Constraints for functional equivalence and the NNA restriction for each 
CNOT Gate

1. Functional equivalence

2. Has a control bit and target bit

3. NNA restriction

𝑥1 ⊕𝑥3

𝑥2

𝑥4

𝑥5

𝑥3 ⊕𝑥5

𝑥1

𝑥2

𝑥3

𝑥4

𝑥5

𝑥1 ⊕𝑥3

𝑥2

𝑥4

𝑥5

𝑥3 ⊕𝑥5

𝑥1

𝑥2

𝑥3

𝑥4

𝑥5

1.

2. and 3.
before after
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Inputs Logical states

➢Expressed with input variables

Variables
CNOT-gate placements

𝑥1

𝑥2

𝑥3

𝑥4

𝑥5

𝑥1 ⊕𝑥3

𝑥2

𝑥4

𝑥5

𝑥3 ⊕𝑥5
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Method for Division of The Circuit 
Divides into subcircuit consisting of CNOT gate

➢Divides the circuit by H/T gates

➢Converts subcircuit into NNA-compliant circuiuts

 Calculations of subcircuits

➢ Treats only CNOT gates

➢ Linear combination of input variables

H

T

T

T

T

T

T

T

H

𝑥1
𝑥2
𝑥3
𝑥4
𝑥5

Sub-Circuit 1 Sub-Circuit 2 Sub-Circuit 3 Sub-Circuit 4 Sub-Circuit 5
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Our new observation
 The behaviors of the two T gates are exactly the same 

➢two quantum states right before the two T gates are the same

Necessary_set
➢Logical State before T gates

➢Above two circuits have same necessary_set =｛ 𝑥1 ⊕𝑥2 ⊕𝑥3, 𝑥1 ｝

Functional equivalence
➢Calculates necessary_set of the circuit before conversion

➢Somewhere in the circuit after conversion, necessary_set must be included.

𝑥1

𝑥2

𝑥3

T

T
𝑥1

𝑥2

𝑥3 T

T
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“Don’t care” quantum bit

Calculates logical states before T gates

➢Only logic states before T gates are considered

➢Logical states in black stand for “Don`t care”

Converts to satisfy all of these in the circuit after conversion

➢Logic function in red exists somewhere in the circuit

➢necessary_set={𝑥1 ⊕𝑥3, 𝑥3 ⊕𝑥5}

𝑥1

𝑥2

𝑥3

𝑥4

𝑥5

𝑥1 ⊕𝑥3

𝑥2

𝑥4

𝑥5

𝑥3 ⊕𝑥5T

T

𝑥1

𝑥2
𝑥3

𝑥4

𝑥5 13



Quantum states after applying H gates

➢Alter to supperposed states

➢cannot be expressed using the input variables.

Adds new variables 

➢Adds new variables after applying  H gates

After H gates apply

𝑥1

𝑥2

𝑥3

𝑥4

𝑥2

𝑥4
𝑥5

𝑥1 ⊕𝑥3
H

𝑥1

|0〉

|1〉

1

2
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1

2
|1〉
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2
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2
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H
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Division of the Circuit in the proposed Method

Continuous T gates

➢Treats as a subcircuit

➢necessary_set={𝑥4 , 𝑥5 , 𝑥6 , 𝑥1 ⊕𝑥6, 𝑥5 ⊕𝑥6, 𝑥2 ⊕𝑥4, 𝑥2 ⊕𝑥4 ⊕𝑥5}

➢In conversion of the circuit in Green, we consider only necessary_set

𝑥1

𝑥2

𝑥3
𝑥4
𝑥5

T

T

T

T

T

T

T

𝑥1

𝑥2

𝑥6
𝑥4
𝑥5

Sub-Circuit 1 Sub-Circuit 2

H
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𝑥1

𝑥2 ⊕ 𝑥4

𝑥6 ⊕ 𝑥5

𝑥2 ⊕𝑥4 ⊕𝑥5 ⊕𝑥6

𝑥5



Conversion of the Circuit in the proposed Method

necessary_set = {𝒙𝟏 ⊕𝒙𝟔 , 𝒙𝟓 ⊕𝒙𝟔 , 𝒙𝟏 ⊕𝒙𝟓 ⊕𝒙𝟔 , 

𝒙𝟐 ⊕𝒙𝟒 ⊕𝒙𝟓 ⊕𝒙𝟔 , 𝒙𝟐 ⊕𝒙𝟓, 𝒙𝟐 ⊕𝒙𝟒 , 𝒙𝟓 }

𝑇1𝑥1

𝑥2

𝑥6
𝑥4
𝑥5

Sub-Circuit 2

𝑥1

𝑥2 ⊕ 𝑥4

𝑥6 ⊕ 𝑥5

𝑥2 ⊕𝑥4 ⊕𝑥5 ⊕𝑥6

𝑥5
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𝑇2

𝑇3

𝑇4

𝑇5

𝑇6

𝑇7



Results of Conversion 
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𝑥1

𝑥2

𝑥6

𝑥4

𝑥5

necessary_set = {𝒙𝟏 ⊕𝒙𝟔 , 𝒙𝟓 ⊕𝒙𝟔 , 𝒙𝟏 ⊕𝒙𝟓 ⊕𝒙𝟔 , 

𝒙𝟐 ⊕𝒙𝟒 ⊕𝒙𝟓 ⊕𝒙𝟔 , 𝒙𝟐 ⊕𝒙𝟓 , 𝒙𝟓 , 𝒙𝟐 ⊕𝒙𝟒}

𝑇7

𝑇4

𝑇1

𝑇6

𝑇3 𝑇2

𝑇5



Conversion into NNA-compliant Circuit with SMT Solver

 Experimental results

➢ 29.22% computation time was reduced for the SMT solver

➢ 58.11% CNOT gates have been reduced on average
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Conclusion

 Conclusion

➢ More optimal circuits can be constructed by considering don't-care qubits

➢ H gate  sub-circuits can only be handled in the same way as existing methods

 Future works

➢ Adaptation to larger quantum circuits

➢ Conversion without splitting the circuit
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