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Capacitance Extraction

Problem:

The EDA flow includes logic synthesis, physical design, 

sign off and so on.   Parasitic extraction is a part of sign off 

analysis. Parasitic extraction includes resistance extraction 

and capacitance extraction. 

In this report, we are going to discuss capacitance 

extraction.
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Capacitance Extraction

Capacitor:

The capacitor is a kind of circuit elements commonly used in

electric or electronic equipment. It is usually composed of two 

conductors insulated from each other. When charged, the two 

surfaces of the conductors facing each other carry equal and 

opposite charges: 𝑄 and −𝑄, respectively. The electric potential 

on the two conductors are 𝜙1 and 𝜙2, respectively.

The capacitance of the capacitor is denoted by 𝐶:

𝐶 =
𝑄

𝜙1−𝜙2
.

A parallel plate capacitor
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Capacitance Extraction

Motivation of Capacitance Extraction:  

The motivation of capacitance extraction is to compute 
signal delay in integrated circuit. 

For a signal wire in an integrated circuit, to compute its 
signal delay from one side to another side, a discretization is 
adopted to approximate the wire with an RC tree.  

Let 𝑋(𝑡) be the voltage on all nodes. Then the voltage can be 
solved by following equation:

ሶ𝑋(𝑡) = 𝐴𝑋(𝑡) + 𝐵,

where 𝐴 and 𝐵 are two matrices that depend on the resistance 
and capacitance of this RC tree. 
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Capacitance Extraction

Integrated Circuit:

For IC design, the requirement of fast and accurate 

capacitance extraction is becoming more and more urgent.

With the feature size of integrated circuit scaling down, 

the coupling capacitance of interconnect wires is making 

more and more significant impact on circuit performance. 
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Capacitance Extraction

Two Key Parts:  

To obtain a good trade-off between accuracy and 
efficiency. A complete capacitance extraction tool 
includes mainly two important parts that are field 
solver and pattern match. 

Field Solver:  

Field solver is an accurate and general method 
for calculating the capacitance parameters through 
simulating the electrostatic field among conductors. 

Pattern Match:  

Pattern match is a procedure which use the 
pattern capacitance library as a lookup tables or  a 
training dataset to train some empirical formulas. 

The capacitance of a given conductor structure
are obtained either to use some empirical formulas 
or to search from a lookup table ( “pattern library”). 
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Field Solver

Sevaral Field Solver Methods:  

There are mainly several capacitance extraction 

methods which are the finite difference method 

(FDM), the finite element method (FEM), the 

boundary element method (BEM) and the floating 

random walk (FRW) method. 
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Field Solver

Domain Discretization Method:

The FEM and the FDM are classified as the 

domain discretization method. It usually produces a 

sparse matrix with large order.  In 3-D capacitance 

extraction, because the order of the matrix increase 

rapidly, the speed of this method is limited. 

However, the domain discretization method is well 

established, thus this method is used by some 

software. 
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Field Solver

Floating Random Walk Method:

The floating random walk algorithm for 
capacitance extraction, presented as a 2-D version, 
was proposed in 1992. 

The random walk method is advantageous in  
parallelism over the traditional methods. Thus, this 
method has attracted a lot of attention recently.

9



Field Solver

Boundary Element Method（BEM）:

The boundary element method only needs to 
discretize the boundary, thus the matrix order 
produced by the BEM is smaller than that produced 
by the FDM. However, the matrix obtained by the 
BEM is not sparse and a lot of time is spent on 
calculating the matrix elements.
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Field Solver

Galerkin Boundary Element (GBEM) Method: 

We focus on the matrix order reduction and study the boundary partition strategy.  

1. For this purpose, we use some mathematical theorems and physical approximation to obtain an error 

analysis. The error analysis can provide a guidance of boundary partition strategy. Thus, the boundary 

partition strategy is rarely influenced subjectively. 

2. Due to the fitness, this boundary partition strategy can largely reduce the number of boundary elements 

and ensure sufficient accuracy. 

3. On the other hand, we will also propose our suggestion on the calculation of the matrix elements.
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Field Solver

Problem Statement: 

In each dielectric region 𝛺𝑎, the electric potential 𝑢𝑎
satisfies the Laplace equation:
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Using Green’s identity, we have following equation

Let 𝑞𝑎 and 𝑞b be the normal electric field intensity on the  

boundaries of 𝛺𝑎 and 𝛺𝑏 respectively.  On the dielectric 

interface 𝛤𝑎𝑏 of two dielectric regions 𝛺𝑎 and 𝛺b, the 

compatibility equation holds:



Galerkin Method

Single Dielectric Case:

First, we discuss the single dielectric case with the Dirichlet 

boundary condition:

𝑢 = 0 on the dielectric boundary .

Let 𝜕𝑚𝑐𝑑 represent the boundary of the main conductor(𝑚𝑐𝑑) 

. Then, the basic theory of electromagnetism tells us that
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where



Galerkin Method

Single Dielectric Case:

14

partition of a conductor boundary



Galerkin Method

Boundary Partition Strategy:

The order of the Matrix 𝐴 is equal to the number of the boundary elements. Thus we want to reduce the 
number of boundary elements. 

An intuitive way is to use nonuniform partition. For example, the size of the boundary elements on the 
main conduct should be small and the size of the boundary elements on the dielectric boundary can be 
large. 

Nonuniform partition lead to less boundary elements. We need theorems to ensure that this partition 
scheme can lead to high accuracy.

15uniform partition nonuniform partition



Galerkin Method

Error Estimation:

Proposition 1. Let  𝑄𝑘 be the electric charge on the conductor 𝑘. Let 𝑄𝑘
′ be the electric charge on the conductor 𝑘

obtained by Galerkin method. The projection 𝑞𝑚 is given by

then there is a constant C such that

If the tangential derivative of 𝑞 on the boundary exists, we further have
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Since the capacitance of the main conductor is given by 𝐶1 = 𝑄1 and the 

coupling capacitance between the main conductor and the conductor k is 

given by 𝐶𝑘 = −𝑄𝑘, we can obtain the error estimation of each 

capacitance.



Galerkin Method

Partition Strategy:
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Let 𝑑𝐼𝑗 be the distance from 𝐼𝑗 to the main conductor.  Form 

formulas above, we should partition the boundary such that |𝐼𝑗|

is propotional to (𝑑𝐼𝑗)
3 when 𝑑𝐼𝑗 is large.

If we want the error to be less that 𝑐, we need to partition 

the boundary such that 

If 𝑥 is far away from the main conductor, then we can regard 

the main conductor as a point charge. Thus we have



Galerkin Method

Partition Strategy:
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Galerkin Method

Multi-Dielectric Case: 
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For the multi-dielectric case, we have

hold for x in  region 𝛺𝑎. We partition the boundary to be the union 

of 𝐼𝑗. Taking integral over 𝐼𝑗 on both side and approximating 𝑞𝑎(𝑦)

and 𝑢𝑎(𝑦) on each element with constant, we then obtain



Fast Calculation of Matrix Elements  

Numerical Integral:
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The Galerkin method brings us both a benefit and a trouble. The benefit is that the number 

of boundary elements is reduced. The trouble is that the matrix elements are complicated. 

Because most of the run time of any kind of boundary element methods is spent on computing 

matrix elements. It is crucial to compute matrix elements as fast as we can.  

The matrix elements include two kind of integrals

A fast algorithm of the calculation of 𝐴𝑖,𝑗 is given by [1].

[1]. Jitesh Jain, Cheng-Kok Koh, and Venkataramanan Balakrishnan. 2006. Exact and Numerically Stable Closed-Form Expressions for 

Potential Coefficients of Rectangular Conductors. IEEE TRANSACTIONS ON CIRCUITS AND SYSTEMS—II:

EXPRESS BRIEFS 53, 6 (JUNE 2006), 200–211.



Fast Calculation of Matrix Elements  

Numerical Integral:
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Fast Calculation of Matrix Elements  

Numerical Integral:
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Fast Calculation of Matrix Elements  

Numerical Integral:
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𝐼𝑗
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We used the Romberg quadrature formula to calculate each numerical 

integral in our program.



Experimental Result  
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We implemented our Galerkin projection boundary element 

method (GBEM) in C++ programming language, and performed all 

the experiments on Linux workstation with Intel(R) Xeon(R) Gold 

5218 server with CPU at 2.3 GHz.

Single Dielectric Case:

We use the test case in [1].  We provide the capacitance obtained 

using different methods in [1] carried out on a Sun Ultra Enterprise 

450 server. GBEM needs 74 boundary elements to obtain similar 

results. The errors are less that 5%.

[1]. W. Yu and X. Wang. 2014. Advanced Field-Solver Techniques for RC Extraction. Springer, New York



Experimental Result  

Multiple Dielectric Case:
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We provide the capacitance obtain using different methods carried out 

on a Sun Ultra Enterprise 450 server. “Panels” and “Cap.” are the 

number of boundary elements and the capacitance.

For the QMM method, the number of boundary elements of a

conductor ranges from 2277 to 2575 for capacitance computation. 

However, from Table 4, we can see that the number of boundary

elements of a conductor in our GBEM only ranges from 217 to 316.

[1]. W. Yu and X. Wang. 2014. Advanced Field-Solver Techniques for RC Extraction. Springer, New York



Experimental Result  

Multiple Dielectric Case:
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Recently, there are a lot of progress on the floating random walk (FRW) solver for capacitance. One 

of efficient and effectiveness algorithms is RWCap(R) in [1]. 

The RWCap are carried out on a Linux server with Intel Xeon E5620 8-core CPU of 2.40 GHz. Our 

test cases are the typical 180-nm and 45-nm technology available from [1].

[1]. W. Yu, H. Zhuang, C. Zhang, G. Hu, and Z. Liu. 2013. RWCap: A floating random walk solver for 3-D capacitance extraction of very-

large-scale integration interconnects. IEEE Transactions on Computer-Aided Design of Integrated Circuits and Systems 32, 3 (2013), 353–366

The experimental results in Table 3 show that our GBEM speed up runtime about 3.00× than 

RWCap(R).
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