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Piecewise Polynomial Approximation

4 regions
linear

2 regions
quadratic

How many regions?

Linear or quadratic?

Equally sized regions?

Math libraries

ML Activations

Graphics

How do I build 
HW for sin(𝑥)?
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Parameterisable Hardware Implementation

Num Regions = 2𝑅

Determines region

Polynomial coefficients

Polynomial computed

Output

n-bit Input

r = 0 r = 1

R = 1

Extra 
precision
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Problem Statement

Given 𝑓: 𝑋𝑛 → ℝ, and upper/lower bound functions 𝑢, 𝑙: 𝑋𝑛 → 𝑋𝑚,
encoding the acceptable approximation error:

𝑙 𝑥 ≤ 𝑓 𝑥 ≤ 𝑢 𝑥

Find all piecewise polynomial HW implementations 𝑃 satisfying:
𝑙 𝑥 ≤ 𝑃 𝑥 ≤ 𝑢 𝑥

𝑋𝑛 = n-bit integers

Why?

Input Bitwidth n
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input

n-bit Reciprocal

R=4
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Feasible Design Space – fixed R

For each region r = 0…2𝑅 − 1 ⇒ find a polynomial satisfying:

∀𝑥 ∈ 𝑋𝑛−𝑅 𝑙𝑟 𝑥 ≤
𝑎𝑥2 + 𝑏𝑥 + 𝑐

2𝑘
≤ 𝑢𝑟(𝑥)

Hardware result

1. Find 𝑎 and 𝑘:

2. Find 𝑏:

3. Find 𝑐: max
𝑥

2𝑘𝑙 𝑥 − 𝑎𝑥2 − 𝑏𝑥 ≤ 𝑐 < min
𝑥

2𝑘 𝑢 𝑥 + 1 − 𝑎𝑥2 − 𝑏𝑥

Re-arranging 
equations…

Determines 
existence

max
𝑡<𝑠

𝑀 𝑠 −𝑚 𝑡

𝑠 − 𝑡
<

𝑎

2𝑘
< min

𝑡<𝑠

𝑚 𝑠 −𝑀 𝑡

𝑠 − 𝑡

max
𝑡

2𝑘𝑀(𝑡) − 𝑎𝑡 < 𝑏 < min
𝑡

2𝑘𝑚(𝑡) − 𝑎𝑡

𝑀 𝑡 = max
𝑥<𝑦,𝑥+𝑦=𝑡

𝑢 𝑥 + 1 − 𝑙(𝑦)

𝑥 − 𝑦

𝑚 𝑡 = min
𝑥<𝑦,𝑥+𝑦=𝑡

𝑢 𝑦 + 1 − 𝑙 𝑥

𝑦 − 𝑥
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Complete Design Space Generation

1) Calculate minimum possible 𝑅

3) For each region find 
all possible a values

2) Find k such that feasible 
a and b exist for all regions

4) For each region and 
each a, find all b values

5) For each region, 
a & b find all c values

Output dictionary:
𝑟 → 𝑎 → 𝑏 → 𝑐
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Design Space Evaluation
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Num Lookup Bits 𝑅

8-bit Reciprocal
2 lookup 

bits

Independent Choices

No 
freedom

No 
freedom

A valid design selects one leaf for each region
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Design Space Exploration

Lookup

Bits (R)

N

2

1

3

1

0

2

Regions

𝑎1

𝑎0

𝑎𝑘

𝑏1

𝑏0

𝑏𝑚

Valid a
coefficients

Valid b
coefficients

𝑐1

𝑐0

𝑐𝑙

Valid c
coefficients

Select parameters corresponding to delay optimal HW
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Optimizations

Shrink input to the 
square

Shrink input to the linear 
term

Shrink precision of 
a, b or c

Merge adjacent regions 
using same poly

Use linear poly where 
possible

𝑥2

for num_lookup_bits in 0..N:

1. Minimize k – polynomial evaluation precision

2. Maximize square input truncation

3. Maximize linear input truncation

4. Minimize a, then b, then c precisions

Decision
Procedure
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Tool Overview

Design Space 

Exploration

lower
function𝑛.𝑚 → 𝑝. 𝑞

upper
function

Verilog RTL

In/out 
precisions

bounds
on lookup bits

C-Model

Hector Script
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Results – 1 ulp reciprocal

Delay (ns)

A
re
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𝜇
𝑚

2

23 bit

Generated 
in 39 hours

10/16 bit

Delay (ns)
A

re
a

 
𝜇
𝑚

2

10 bit
< 1 sec

16 bit
< 10 sec

Paper contains: 
log2 and 𝑒𝑥 designs
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Competition

FloPoCo – arithmetic core generator for FPGAs
• Remez algorithm implemented in Sollya
• Runs in seconds

15% wider table

20% smaller a prec

12% smaller
16% smaller

[a prec, b prec, c prec] = total width
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Conclusion

• Method to generate complete polynomial interpolation design space

• RTL generated for arbitrary precision elementary functions

• Easy re-targeting & exploration 

• Decision procedure proposed

• Improved design space exploration – optimal lookup bit selection

• Scalability concerns 

Future Work


